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Abstract
The transfer matrix of a possibly complex and energy-dependent scattering potential can
be identified with the S-matrix of a two-level time-dependent non-Hermitian Hamiltonian
H(τ). We show that the application of the adiabatic approximation to H(τ) corresponds to
the semiclassical description of the original scattering problem. In particular, the geometric
part of the phase of the evolving eigenvectors of H(τ) gives the pre-exponential factor of the
WKB wave functions. We use these observations to give an explicit semiclassical expression
for the transfer matrix. This allows for a detailed study of the semiclassical unidirectional
reflectionlessness and invisibility. We examine concrete realizations of the latter in the realm
of optics.
Pacs numbers: 03.65.Nk, 03.65.Sq, 03.65.Vf, 42.25.Bs
1 Introduction
The discovery of surprising physical phenomena such as lasing at threshold gain [1, 2], antilasing [3],
PT -symmetric and non-PT -symmetric CPA lasers [4, 5], and unidirectional invisibility [6, 7, 8, 9],
which are only supported by complex scattering potentials [10, 11], has provided a renewal of
interest in the study of complex potential scattering in one dimension [12]. Among the remarkable
outcomes of this study are a dynamical formulation of one-dimensional scattering theory [13], which
identifies the scattering data with the solutions of a set of dynamical equations, and the surprising
observation that the transfer matrix of any scattering potential coincides with the S-matrix of an
associated non-stationary and non-unity two-level quantum system [14]. The purpose of the present
article is to use the machinery of the adiabatic approximation to determine the dynamics of the
latter system. This provides a semiclassical description of the scattering phenomenon that we can
use to develop a semiclassical treatment of spectral singularities and unidirectional invisibility.
The utility of semiclassical or WKB approximation in scattering theory has a long history
[15, 16, 17, 12]. One-dimensional semiclassical scattering theory has attracted much attention in
the study of the mathematical aspects of scattering theory [18] and led to the development of
the phase integral methods [19]. It has also served as an important tool in the study of complex
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absorbing potentials [20, 12]. Our investigation of the one-dimensional semiclassical scattering
follows a different path and is particularly suitable for the study of the scattering properties of
complex potentials arising in optics.
In the remainder of this section we survey the necessary background material that we use in the
rest of the article.
Consider the time-independent Schro¨dinger equation
− ψ′′(x) + v(x)ψ = k2ψ(x), (1)
for a possibly energy-dependent complex scattering potential v defined on the real line. We can
describe the scattering properties of v using its transfer matrix [12, 21]. This is a 2× 2 matrix that
is related to the reflection and transmission amplitudes, Rr/l and T , according to
M =


T − R
lRr
T
Rr
T
−R
l
T
1
T

 . (2)
Recall that T and Rl/r are the k-dependent coefficients determining the asymptotic expression for
the scattering solutions ψ
l/r
k of (1) according to
ψlk(x) =
{
eikx +Rle−ikx for x→ −∞,
T eikx for x→∞,
ψrk(x) =
{
Te−ikx for x→ −∞,
e−ikx +Rreikx for x→∞.
(3)
It is easy to show that the time-independent Schro¨dinger equation (1) is equivalent to the time-
dependent Schro¨dinger equation,
iΨ˙(τ) = H(τ)Ψ(τ), (4)
where τ := kx, an over-dot represents a derivative with respect to τ ,
Ψ(τ) :=
1
2
[
φ(τ)− iφ˙(τ)
φ(τ) + iφ˙(τ)
]
, φ(τ) := ψ(τ/k), (5)
H(τ) :=
[
w(τ)− 1 w(τ)
−w(τ) −w(τ) + 1
]
= −σ3 + w(τ)N, (6)
w(τ) :=
v(τ/k)
2k2
, N := iσ2 + σ3 =
[
1 1
−1 −1
]
, (7)
and σi, with i = 1, 2, 3, are Pauli matrices [14]. The Hamiltonian H(τ) is manifestly time-dependent
and non-Hermitian.1 For real potentials, it is σ3-pseudo-Hermitian [22], and its exceptional points
correspond to the classical turning points of v, where v(x) = k2, [14]. If we denote the evolution
operator forH(τ) byU(τ, τ0), i.e., U(τ, τ0) := T e
−i
∫
τ
τ0
dτ ′H(τ ′)
, where T stands for the time-ordering
operator, and let
U0(τ) := e
iτσ3 , (8)
the S-matrix of H(τ) takes the form [23]
S := U0(+∞)−1U(+∞,−∞)U0(−∞). (9)
1Because τ is a dimensionless evolution parameter for the two-level quantum system defined by the Hamiltonian
(6), we refer to τ as time.
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A remarkable property of H(τ) is that its S-matrix gives the transfer matrix of v, [14], i.e.,
S = M. (10)
This equation reduces the solution of the scattering problem for the potential v to the determination
of the time-evolution operator U(τ, τ0) defined by H(τ).
The fact that H(τ) is a time-dependent Hamiltonian operator suggests exploring the conse-
quences of applying adiabatic approximation for the determination of U(τ, τ0).
2 Adiabatic and Semiclassical Approximations
Adiabatic approximation can be applied to non-Hermitian matrix Hamiltonians [24] provided that
the path in the parameter space of the Hamiltonian, which determines its time-dependence, does
not intersect an exceptional point [26, 27]. As we noted in Ref. [14], exceptional points of the
Hamiltonian H(τ) correspond to classical turning points, where v(x) = k2. This shows that we
can safely apply the adiabatic approximation for the cases that |v(x)| is bounded from above and
k exceeds this bound appreciably.
In order to apply the adiabatic approximation for the Hamiltonian H(τ), we need to solve the
eigenvalue problem for H(τ) and construct a complete orthonormal system [30], {(Ψ±(τ),Φ±(τ))},
such that Ψ±(τ) and Φ±(τ) are respectively the eigenvectors of H(τ) and H(τ)
†, [24]. A straight-
forward calculation with a symmetric choice for the eigenvectors Ψ±(τ) gives
E±(τ) := ± n (τ), Ψ±(τ) := 1
2
[
1∓ n (τ)
1± n (τ)
]
, Φ±(τ) :=
1
2 n (τ)∗
[
n (τ)∗ ∓ 1
n (τ)∗ ± 1
]
, (11)
where
n (τ) :=
√
1− 2w(τ) =
√
1− v(τ/k)
k2
. (12)
Adiabatic approximation asserts that as time τ progresses the eigenstates of the initial Hamil-
tonian H(τ0) evolve into the eigenstates of H(τ). More specifically, we have
Ψ±(τ0)→ Ψ(τ) ≈ ei([δ±(τ)+γ±(τ)]Ψ±(τ) = 1
2
√
n (τ0)
n (τ)
e
∓i
∫
τ
τ0
E±(τ ′)dτ ′
[
1∓ n (τ)
1± n (τ)
]
, (13)
where
δ±(τ) = −
∫ τ
τ0
E±(τ
′)dτ ′, (14)
γ±(τ) = i
∫ τ
τ0
〈Φ±(τ ′)|dΨ±(τ ′)〉dτ ′. (15)
Notice that eiδ±(τ) and eiγ±(τ) are respectively the dynamical and geometrical phases [25] associated
with the initial state vector Ψ±(τ0) whenever H(τ) = H(τ0). For an arbitrary initial state vector
Ψ(τ0), adiabatic approximation implies
Ψ(τ0)→ Ψ(τ) ≈ U0(τ, τ0)Ψ±(τ0), (16)
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where U0(τ, τ0) is the adiabatic evolution operator [28, 29] for the Hamiltonian H(τ), i.e.,
U0(τ, τ0) :=
∑
a=±
ei([δa(τ)+γa(τ)]|Ψa(τ)〉〈Φa(τ0)|. (17)
We can easily compute the “geometric” factor eiγ±(τ) entering (13) and (17). In view of (11) and
(15), it is given by
eiγ±(τ) =
√
n (τ0)
n (τ)
. (18)
Similarly, we observe that the condition for the validity of the adiabatic approximation, namely∣∣〈Φ±| ddτΨ∓〉/ [E+(τ)−E−(τ)]| ≪ 1, has the explicit form∣∣∣∣ n˙ (τ)4 n (τ)2
∣∣∣∣≪ 1. (19)
Expressing this condition in terms of the potential, we find |v′(x)|/8|k2 − v(x)|3/2 ≪ 1, which is
often given as the condition for the validity of the semiclassical approximation.
In order to elucidate the relationship between the adiabatic and semiclassical approximations,
we identify the right-hand sides of (5) and (13) to determine the form of the single-component
state vector φ(τ) for the adiabatically evolving two-component state vectors (13). Because ψ(x) =
ψ(τ/k) = φ(τ), this gives
ψ(x) = ψ∓(x) :=
√
n (τ0)
n (τ)
e
∓i
∫
τ
τ0
E±(τ ′)dτ ′ = N0
[
k2 − v(x)]−1/4 e∓i ∫ xx0√k2−v(x′)dx′ , (20)
where N0 := [k
2 − v(x0)]1/4 and x0 := τ0/k. The wave functions ψ± are precisely the semiclassical
solutions of the time-independent Schro¨dinger equation (1) that are often referred to as the WKB
wave functions. Therefore, the two-component formulation of this equation described in Section 1
provides a clear demonstration of the equivalence of the adiabatic and semiclassical approximations.
In this context, it is remarkable that the geometric part (18) of the (complex) phase factor contribut-
ing to the expression for the adiabatically evolving two-component state vectors (13) corresponds
to the pre-exponential factor of the WKB wave functions (20).
3 Semiclassical Transfer Matrix
The coincidence of the adiabatic and semiclassical approximations suggests that we express the
latter in the form
U(τ, τ0) ≈ U0(τ, τ0), (21)
and use this relation together with (9) and (10) to determine the semiclassically approximate transfer
matrix Msc.
For an infinite-range potential fulfilling the adiabaticity condition (19) for all τ ∈ R, Eqs. (9),
(10), (17) and (21) lead to
M ≈Msc =
[
eiϑ 0
0 e−iϑ
]
, ϑ :=
∫ ∞
−∞
[ n (τ)− 1] dτ =
∫ ∞
−∞
[
√
k2 − v(x)− k] dx. (22)
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Therefore, in this case, the semiclassical approximation ignores the effect of the (above barrier)
reflection, and for a real potential gives a unit transmission coefficient, |T |2 ≈ 1, in conformity with
the prediction of classical mechanics [31].
In the remainder of this section we explore the implications of (21) for scattering due to a
finite-range potential.
In order to determine the semiclassical transfer matrix for a finite-range potential, first we
introduce τ± as the real numbers such that (τ−, τ+) is the largest open interval in R outside which
w(τ) vanishes identically. We can then restate Eq. (10) in the form [14],
M = U0(τ+)
−1U(τ+, τ−)U0(τ−). (23)
Substituting (21) on the right-hand side of this equation and employing (8), we obtain
M ≈Msc :=
[
e−i(τ+−τ−)(a+ cos δ + ib+ sin δ) e
−i(τ++τ−)(a− cos δ + ib− sin δ)
ei(τ++τ−)(a− cos δ − ib− sin δ) ei(τ+−τ−)(a+ cos δ − ib+ sin δ)
]
, (24)
where
a± :=
1
2
[√
n −
n +
±
√
n +
n −
]
, b± :=
1
2
[√
n− n + ± 1√
n− n +
]
, (25)
n ± := n (τ±) =
√
1− v(x±)
k2
, δ := δ−(τ+) =
∫ τ+
τ−
n (τ) dτ =
∫ x+
x−
√
k2 − v(x) dx, (26)
and x± := τ±/k.
As a simple example, consider the application of (24) for the barrier potential:
v(x) =
{
z for x ∈ (0, L),
0 otherwise,
(27)
where z ∈ C and L ∈ R+. For this potential, we have x− = 0 and x+ = L which together with (25)
– (27) imply
n ± = n =
√
1− z/k2, a+ = 1, a− = 0, b± = n
2 ± 1
2 n
.
Inserting these equations in (24) and comparing the result with the exact expression for the transfer
matrix of this potential [11], namely
M =


{
cos(n kL) +
i( n 2 + 1) sin(n kL)
2 n
}
e−ikL
i( n 2 − 1) sin(n kL)e−ikL
2 n
−i( n
2 − 1) sin(n kL)eikL
2 n
{
cos(n kL)− i( n
2 + 1) sin(n kL)
2 n
}
eikL

 ,
we find Msc = M. This was to be expected, because for this potential n˙ = 0 and the adiabatic
(semiclassical) approximation is exact.
5
Next, we use (2) and (24) to derive the following explicit form of the semiclassical approximation
for reflection and transmission amplitudes.
Rl ≈ Rlsc := −e2iτ−
(
a− − ib− tan δ
a+ − ib+ tan δ
)
, (28)
Rr ≈ Rrsc := e−2iτ+
(
a− + ib− tan δ
a+ − ib+ tan δ
)
, (29)
T ≈ Tsc := e
−i(τ+−τ−)
a+ cos δ − ib+ sin δ . (30)
We can use these relations to study semiclassical spectral singularities, where R
l/r
sc and Tsc diverge,
and semiclassical unidirectional invisibility, where one of Rlsc and R
r
sc vanishes and Tsc = 1. We treat
the former in Ref. [32] using a more direct but elaborate approach. We devote the next section for
a discussion of the latter.
In the following we respectively use the terms “left- (right-) reflectionless” and “left- (right-)
invisible” to mean “unidirectionally reflectionless from the left (right)” and “unidirectionally invis-
ible from the left (right),” for brevity.
4 Semiclassical Unidirectional Invisibility
According to (28) the semiclassical left-reflectionlessness corresponds to the condition
tan δ =
−ia−
b−
, (31)
which, in view of (25), is equivalent to
e2iδ =
(
n − − 1
n − + 1
)(
n + + 1
n+ − 1
)
. (32)
An obvious consequence of this relation is
n ± 6= 1. (33)
Substituting (31) in (29) and (30) gives
Rrsc =
( n− − n +)( n− n + − 1)e−2iτ+
n −( n
2
+ − 1)
, (34)
Tsc = e
−i(τ+−τ−)
√
n − − n −1−
n + − n −1+
. (35)
Therefore, if
n − 6= n + 6= n −1− , (36)
and (32) holds for a real value of k, the potential v possesses semiclassical left-reflectionlessness for
this value of k. In this case, according to (34) and (35), the semiclassical reflection coefficient from
the right |Rrsc|2 and the transmission coefficient |Tsc|2 only depend on the boundary values of the
refractive index, n ±. Surprisingly, they are even independent of the wavenumber k. This proves
the following interesting result.
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Theorem: Let x± and k0 be real numbers such that k0 > 0 > x− − x+, and v : R→ C be a
finite-range smooth potential with support [x−, x+]. Suppose that for all k ≥ k0 the potential
v satisfies (19), equivalently ∣∣∣∣ 1n d ndxˆ
∣∣∣∣≪ 4kL for 0 ≤ xˆ ≤ 1, (37)
where n :=
√
1− v2/k2 and xˆ := (x−x−)/(x+−x−). If v is unidirectionally reflectionless for
some wavenumber k⋆ ≥ k0. Then its reflection and transmission coefficients, |Rr/l|2 and |T |2,
have the same values for any other wavenumber for which it is unidirectionally reflectionless.
Moreover, these coefficients are uniquely determined by the boundary values of v, i.e., v(x±).
Now, consider the case where in addition to (32) and (36), we also have
ei(τ+−τ−) =
√
n − − n −1−
n + − n −1+
. (38)
Then Tsc = 1 and v possesses semiclassical left-invisibility. Notice that because τ± are real param-
eters, (38) is equivalent to∣∣ n − − n −1− ∣∣ = ∣∣ n + − n −1+ ∣∣ 6= 0, (39)
1
2
arg
(
n − − n −1−
n + − n −1+
)
= τ+ − τ− − pim = kL− pim, (40)
where for every a ∈ C, “arg(a)” stands for the principal argument (phase angle) of a that takes
values in (−pi, pi], m is an integer, and L := x+ − x− = (τ+ − τ−)/k.
Relation (39) is a constraint on the boundary values of n or equivalently the potential v. We can
offer a more explicit form of this constraint by introducing r :=
∣∣ n − − n −1− ∣∣ and ϕ± := arg( n±),
so that
n ± = | n±|eiϕ±. (41)
We do this by squaring
∣∣ n ± − n −1± ∣∣ and using (39) to obtain the following quadratic equation for
| n±|2.
| n±|4 − 2s±| n±|2 + 1 = 0, (42)
where s± := cos(2ϕ±) + r
2/2. Eq. (42) has real and positive solutions provided that s± ≥ 0 and
s2± ≥ 1. This in turn implies s± ≥ 1. Hence r and ϕ± satisfy
cos(2ϕ±) +
r2
2
≥ 1. (43)
Under this condition, Eq. (42) implies
| n±| =
√
s± + ε±
√
s2± − 1, (44)
where
ε± := sgn(| n ±| − 1) =


+ for | n±| > 1,
0 for | n±| = 1,
− for | n±| < 1.
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Next, we substitute (44) in (41) and use the result in (40) to obtain an equation that we can
solve to express the wavenumbers k at which the potential supports semiclassical left-invisibility in
terms of r, ϕ±, ε±, and m. Substituting the result in (32) and using (44) and (41), we obtain a
complex equation that involves δ. Because δ is given by the integral of n (τ) over the range of the
potential, we need the specific form of n (τ) to determine if this equation has a solution.
As an illustrative example, consider the ansatz:
n (τ) =
{
(kL)−1 [ n −(kL− τ) f(τ) + n +τ f(kL− τ)] for τ ∈ [0, kL],
1 for τ /∈ [0, kL], (45)
where f : R → C is any piecewise continuous function satisfying f(0) = 1. Substituting (45) in
(26) and performing a couple of integration by parts give rise to the following remarkably simple
relation.
δ = ( n − + n +)F(kL), (46)
where
F(τ) := 1
kL
∫ τ
0
F (τ ′)dτ ′, F (τ) :=
∫ τ
0
f(τ ′)dτ ′.
In light of (46), we can write (32) in the form
F(kL) = 1
2( n− + n +)
{
2pin+ i ln
[
( n− + 1)( n + − 1)
( n− − 1)( n+ + 1)
]}
, (47)
where n ∈ Z is a mode number.
If we solve (40) for kL and substitute the result in (47), we find a complex equation involving
n ±. As we described above we can express these in terms of the three real parameters r and ϕ±,
and the signs ε±. In principle we can use the obtained complex equation to express two of the real
parameters in terms of the other parameters. We arrive at the same conclusion by solving (47) for
kL in terms of n ± and inserting the result in (40). We implement the latter prescription for the
following particularly simple choice for f .
f(τ) = 1 +
a τ
kL
, (48)
where a is a complex number. In view of (45), this corresponds to
n (τ) =

 n − +
[( n+− n−)+a( n++ n−)]τ
kL
− a( n++ n−)τ2
(kL)2
for τ ∈ [0, kL],
1 for τ /∈ [0, kL],
(49)
v(x) =


k2
[
1−
{
n − +
[( n+− n−)+a( n++ n−)]x
L
− a( n++ n−)x2
L2
}2]
for x ∈ [0, L],
0 for τ /∈ [0, L],
(50)
F(kL) = (3 + a)kL
6
, (51)
and (47) takes the form
kL =
3
(3 + a)( n− + n +)
{
2pin+ i ln
[
( n − + 1)( n+ − 1)
( n − − 1)( n + + 1)
]}
. (52)
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Now, we can substitute this equation in (40) express n ± in terms of r, ϕ± and ε± in the resulting
equation and use it to fix two of the variable r, ϕ± in terms of the other and ε±. Because this
equation is a highly complicated transcendental equation, we can only do this provided that we
know the physically relevant ranges of the parameters of the problem. In the next section, we focus
our attention to applications in optics where the physically acceptable ranges of the parameters
are well-known. In the remainder of this section, we comment on the simplifications occurring for
PT -symmetric potentials for which
n (kL− τ)∗ = n (τ). (53)
As explained in Ref. [11] the phenomenon of unidirectional invisibility is fundamentally PT -
symmetric in the sense that the PT -reflection transformation leaves the equations characteriz-
ing unidirectionally invisible configurations invariant. As a byproduct of this symmetry, the PT -
symmetric unidirectionally invisible configurations have a much simpler structure. This behavior
extends to semiclassical unidirectional invisibility.
For a PT -symmetric finite-range potential satisfying (53), we have n − = n ∗+ (so that η− = η+
and κ− = −κ+) and δ =
∫ kL
0
η(τ)dτ , where η(τ) is the real part of n (τ), and η± and κ± are
respectively the real and imaginary parts of n ±. In light of these relations, Eqs. (32) and (38)
respectively take the form ∫ kL
0
η(τ)dτ = pim1 − tan−1
(
2κ+
η2+ − 1 + κ2+
)
, (54)
kL = pim2 − tan−1
[
(η2+ + 1)κ+
(η2+ − 1)η+
]
, (55)
wherem1 andm2 are integers. Therefore, the condition that the potential supports semiclassical left-
reflectionlessness slightly restricts the form of the real part of n (τ) while demanding semiclassical
left-invisibility fixes the wavelengths at which this phenomenon occurs. In other words, for PT -
symmetric potentials the equations characterizing semiclassical unidirectional invisibility decouple.
For the class of potentials satisfying (45) the PT -symmetry (53) is equivalent to demanding
that f be a real-valued function and n − = n
∗
+. In particular, for functions f of the form (48), the
former condition amounts to choosing a to be a real parameter. In this case, imposing the condition
that the potential displays semiclassical left-reflectionlessness (54) determines the allowed values of
a according to
a =
3
η+kL
[
pim1 − tan−1
(
2κ+
η2+ − 1 + κ2+
)]
− 3. (56)
5 Optical Applications
In effectively one-dimensional optical setups the Helmholtz equation, which describes the propaga-
tion of time-harmonic electromagnetic waves, takes the form of the time-independent Schro¨dinger
equation (1), and n plays the role of the complex refractive index of the medium in which the
electromagnetic waves propagate. Typically, the real part of n takes positive values of the order of
1 and its imaginary part is at least three orders of magnitude smaller than its real part. Therefore,
recalling that we denote the real and imaginary parts of n ± respectively by η± and κ±, so that
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n ± = η± + iκ±, we have κ± ≪ η± and consequently
ϕ± := tan
−1(
κ±
η±
) ≈ κ±
η±
≪ 1. (57)
Using this relation in (44) yields
η± ≈ η :=
√√√√1 + r2
2
(
1 +
√
1 +
4
r2
)
> 1, (58)
where ≈ stands for the fact that we ignore the quadratic and higher order terms in powers of κ±.
In particular, for all practical purposes, we can take η+ = η− = η.
Next, we introduce the parameters
χ± :=
κ±
η2 − 1 , ξ := 2(χ− − χ+) =
2(κ− − κ+)
η2 − 1 ,
and make use of (57) and (58) to express (32) and (40) in the form
e2iδ ≈ 1 + i ξ, (59)
kL ≈ pim+ (η
2 + 1)ξ
4η
, (60)
respectively. Applying (57) once again in (59), we have
δ ≈ pin + 1
2
tan−1 ξ − i
4
ln(1 + ξ2), (61)
where n is an integer. Similarly, employing (57) and (58) in (34), we find
|Rr| ≈ |κ− − κ+|
√
η−2 + (χ+ + χ−)2
η−2 + (2χ+ + χ−)2
=
(η2 − 1)|ξ|
2
√
η−2 + (χ+ + χ−)2
η−2 + (2χ+ + χ−)2
. (62)
Relations (60), (61), and (62), with η > 1 and ξ 6= 0, describe the phenomenon of semiclassical
left-invisibility. As seen from (62), |Rr| is of the same order of magnitude as |κ±|, unless κ− ≈ −2κ+
and η − 1 ≪ |κ+|. In typical situations, η − 1 is of the same order of magnitude as |κ±|, ξ is of
order 1, and |Rr| takes relatively small values. Notice that because kL ≫ 1, according to (60), m
is a large positive integer.
As a concrete example, consider the refractive index profiles of the form (45). Then δ is given
by (46) and in view of (61) and (57), we have
F(kL) ≈ pin
2η
+
1
4η
tan−1 ξ − i
8η
ln(1 + ξ2). (63)
For a quadratic refractive index of the form (49), we can use (51) to express (63) as
kL ≈ 4pin + 2 tan
−1 ξ − i ln(1 + ξ2)
4(1 + a/3)η
. (64)
Eliminating kL from this equation and (60), we find2
a ≈ 3
[
4pin+ 2 tan−1 ξ − i ln(1 + ξ2)
4pimη + (η2 + 1)ξ
− 1
]
. (65)
2Notice that a determines the shape of the refractive index.
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Expressing n as a function xˆ := x/L and using (49) and (58), we have
n ≈
{
η + iκ− + [2a(η + iκ¯) + iκ] xˆ− 2a(η + iκ¯)xˆ2 for xˆ ∈ [0, 1],
1 for xˆ /∈ [0, 1],
(66)
where κ := κ+ − κ− and κ¯ := (κ+ + κ−)/2. According to (57), (58), and (66), | n | is of the same
order of magnitude as | n±| or η provided that |a| is at most of order 1. In view of this observation,
the fact that η and ξ are of order 1 and m≫ 1, we can use (65) to infer that
a ≈ 3
(
n
mη
− 1
)
. (67)
Imposing the condition |a| / 1, we then obtain
2m
3
/ n /
4m
3
. (68)
We also note that for the choice m = n, a ≈ 3(η−1 − 1) ≈ 1− η, where we have used the fact that
η − 1≪ 1.
For definiteness, let us consider a sample with η = 1.001, κ− = −0.002, and κ+ = 0.001, so
that ξ = −2.999. Then according to (60) and (62), kL ≈ pim − 1.499 and |Rr| ≈ 0.003354. With
L = 100 µm and λ = 2pi/k in the range 100 nm to 2 µm, we have 100pi / kL / 2000pi. This implies
100 / m / 2000. (69)
It is not difficult to show that m ' 100 is a sufficient condition for the validity of the semiclassical
approximation. To see this, we note that the latter is equivalent to the adiabaticity condition (19),
which we can also express as ∣∣∣∣ 1n d ndxˆ
∣∣∣∣≪ 4kL for 0 ≤ xˆ ≤ 1. (70)
Because η and |a| are of order 1 and |κ±| ≪ 1 < η,
∣∣ 1
n
d n
dxˆ
∣∣ is also of order 1. This shows that
for m ≥ 100, which corresponds to kL > 300, (70) holds and the semiclassical approximation is
reliable.
A closer examination of (66) reveals the fact that |Re( n )| is very sensitive to the value of |m−n|.
For example for m = 300 increasing n from 300 to 301 results in an increase in the maximum value
of Re( n ) − η by about two orders of magnitude. This makes the choice m = n more relevant for
an experimental investigation of the system.
Figure 1 shows the graphs of the real and imaginary parts of the refractive index (66) for
m = n = 275, 300, and 325. These correspond to situations where the system is left-invisible, with
|Rr| ≈ 0.0034, for λ = 728.537, 667.729, and 616.290 nm, respectively.
Table 1 gives the values of the physical parameters that makes the optical system described
by (66) left-invisible for various values m. The numerical values of a confirm our expectation that
for all values of m in the range (69) we have kL ' 300 and |a| / 10−3. The latter implies that
| n − 1| / 10−3. Therefore, perturbation theory provides another reliable method of solving the
scattering problem for this model.
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Figure 1: (Color online) Graphs of the real (on the left) and imaginary (on the right) parts of the
refractive index (66) as a function of x/L for η = 1.001, κ− = −0.002, and κ+ = 0.001. The thick
(dark blue), thin (purple), and the dashed (black) curves correspond to m = n = 275, 300, and
325, respectively. For L = 100 µm these configurations are unidirectional invisibility from the left
for λ = 728.537, 667.729, and 616.290 nm, respectively. The portion of the Im( n ) curves that lies
below (above) the horizonal Im( n ) = 0 line corresponds to the gain (lossy) regions.
As we discussed in Section 4, the construction of PT -symmetric potentials displaying semiclas-
sical unidirectional invisibility is more straightforward. For example for the PT -symmetric models
of the form (66), where κ− = −κ+ and a is real, we can determine the values of kL and a that
support semiclassical left-invisibility by choosing and inserting the values of η+, κ+, m1, and m2 in
Eqs. (55) and (56), respectively. An interesting example, is η+ = 1.01, κ+ = 0.001, m1 = 303,
and m2 = 300, where in the optically active region the real part of n is essentially constant while
its imaginary part is a linear function of x; n ≈ 1.01 − 0.001i(1 − 2x/L) for x ∈ [0, L]. For this
configuration kL = 942.379, a = 3.16× 10−6, and for L = 100 µm we have λ = 666.737 nm.
6 Concluding Remarks
The formulation of the scattering problem in terms of a time-dependent Schro¨dinger equation with
a time-dependent Hamiltonian operator suggests the use of the adiabatic approximation in the
study of the quantum potential scattering. This turns out to coincide with the application of the
semiclassical approximation in scattering theory. It is remarkable that the geometric part of the
complex phase of the evolving state vectors gives rise to the pre-exponential factor in the WKB
wave functions. This provides another intriguing manifestation of the role of geometric phases in
quantum mechanics.
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m kL λ (nm) a
100 312.660 2009.59 (8.371− 5.515i)× 10−3
...
...
...
...
298 934.695 672.217 (8.057− 18.450i)× 10−4
299 937.837 669.966 (7.929− 18.389i)× 10−4
300 940.979 667.729 (7.802− 18.327i)× 10−4
301 944.120 666.507 (7.677− 18.266i)× 10−4
302 947.262 663.300 (7.552− 18.206i)× 10−4
...
...
...
...
2000 6281.690 100.024 (−2.431− 0.275i)× 10−3
Table 1: Values of m, kL, λ, and a for which the optical system with refractive index (66) displays
left-invisibility for η = 1.001, κ− = −0.002, κ+ = 0.001, L = 100 µm, and n = m.
In this article we have used adiabatic approximation to derive a semiclassical expression for the
transfer matrix of a general finite-range potential that can be complex or even energy-dependent.
We have then employed this expression in the study of the phenomenon of unidirectional invisibility.
In particular, we have introduced the notions of semiclassical unidirectional reflectionlessness and
invisibility and established the fact that the reflection and transmission amplitudes take the same
values at all the wavelengths for which the potential displays semiclassical unidirectional reflection-
lessness. We have also offered a detailed examination of the optical realizations of semiclassical
unidirectional invisibility and constructed concrete optical potentials possessing this property.
As pointed out by one of the referees, the connection between semiclassical and adiabatic ap-
proximations that is revealed in this article raises the possibility of the application of the results
obtained within the context of “shortcuts to adiabaticity” [33] in one-dimensional scattering theory.
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